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On the Simple Energy Relation Between
the RHF, UHF and Closed-Shell SCF Methods
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The simple energy relation between the RHF and UHF methods are obtained
by expanding these orbital sets by the closed-shell orbital with the same
geometry of the open-shell systems. The results are also applied to higher spin
states.
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It is well known that the restricted Hartree-Fock (RHF) method proposed by
Roothaan [1] and the unrestricted Hartree-Fock (UHF) method of Pople and
Nesbet [2] are two powerful methods for the study of open-shell systems. Since
the pioneer study by Amos and Hall [3], the relations between these two methods
have been extensively discussed by several authors especially with respect to their
spin-density properties [3, 6]. In this study, we give a simple method to clarify the
connection of their energy properties, namely the relation between the ionization
energies or electron affinities obtained by the RHF and UHF methods. In our
treatment, the RHF and UHF orbital sets are expanded by the closed-shell orbital
with the same geometry of the open-shell systems and these expansion coeflicients
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are used to analyze the difference of the orbital energies or the total energies by
the RHF and UHF methods. Using the same closed-shell orbital in this expansion,
we can obtain the clearer and simpler energy relation between these two methods
and also recognize their important characteristics.

Here the original open-shell orbitals {i*} are expanded by the orbital sets of the
closed-shell system (i[',

oce vac

{iY=ai<il+ Y aj<i|+ Y an<k|+ai.<m|, (x; R,a and B) (1)
i%f k

where {i%}, {i*} and {i®} denote the RHF orbital set and the a-spin and B-spin
orbital sets of the UHF method, respectively. The indices i and j refer to the
occupied orbitals in the closed- and open-shell systems, m to the unoccupied
orbitals in the closed-shell system, whereas the odd electron in the open-shell
system, and k and ! to the vacant orbitals in both systems. These notations are valied
only for anion radicals in case the closed-shell systems mean neutral molecules.
For cation radicals, the indice m means the occupied orbital in the closed-shell
system. After a relevant transformation [4] which diagonalizes the matrix a;;, we
obtain with an appropriate normalization,

(] :<il+§°m<k1+ﬁm<ml. @)

By way of example, for the allyl radical, the calculated values of A j;’s by the INDO
method are shown in Table 1. In this case the closed-shell system means the allyl
cation.

Inserting Eq. (2) into the Slater-determinants of the RHF (®ryp) and UHF
methods (®yur), and expanding them by the configuration functions built up from
the closed-shell orbitals, we obtain for doublet states?,

RHF q)0+z)‘zmq)tm+\/22)\tkd) +Z(/\1k)2q)(k) (33.)
ik,

S+ A oS 41 AG+A %\,
‘DUHF—(I)O"‘ZA?mq)zm"‘Z( 7 ) ik+2§c( NG >(D(§]1§

+12k( 7 5‘)(%@5—@@%) %lk( 7 B)CD(k)+ . (3b)

Then the total energies by the RHF (Erur) and UHF methods (Eunr) can be
expressed as power series in A using the molecular integrals in terms of closed-

1 The coefficient a%, vanishes since in this case the odd electron is considered to have o-spin.
im

2 @= 1T iml|,  ®,=1T.im.m|, ©=1/)2{ 1. .ik..m|—|1T..5..m|}, @L=
1/1/{2||11...zk...m||—1|11...zk...m||—n11...lk...m||}, ®%=1/1/3{11...ik...7A|| + |1T...ik...m|| +
1. ik...m|}, andd),k_”ll kk...mf.
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shell orbitals®,
Erpr=Eo+ém +2ziA§§n<im|mm>+2 %Aﬁ{2(ik|mm}—(imlkm)}
+2;€ M (AER +Ka) + L (A 50 AEj +- - (4a)
Evunr=Eo+em+2 z Afm(imlmm>+§i: (A%, AE;,
2 (i +)\ﬁ<)(2(ik|mm)—(im|km>)+%;{()\?fc +A5)*(AER
+Kik)+§ (A ik —/\Sc)<im|km>+%izk(m -G GAEL
+3AEZ—Ki)+- - -. (4b)

Similar expressions are also obtained for the orbital energies of each method by
substituting of Eq. (2) into the Fock-operator F*.

Using the variational perturbation technique in Eq. (4), the expansion coefficients
A%’s are thus connected with each other by the following equations,

A%+ A% ={=2(ik|mm)+{im|km)}/(AE3 + Kx)

=215 (5a)

Afe— A = —(im|km)/ GAE i +3AER — Ky.), (5b)
A =—(im|mm)/AE,,

=A%, (5¢)

The calculated results of SCF fully satisfy the relation of Eq. (5a) as shown in
Table 2. By using these relations, we can estimate the contributions of the various
configurations or the spin polarization effect in the UHF treatment. For the allyl
radical, the weight of the quartet state mainly depends on the spin polarization
term arisen from the 6-10(z - 7*) transition” [3].

We approximate Eq. (4) to second-order in terms of 4, since the terms higher than
third-order will be negligibly small (see Table 2) and use the relation of Eq. (5),
then,

AEgrnr= Erur—Eo
~em—3 zk {2(ik|mm) — (im|km)Y*/ (AE§ + Ku)) — ¥, (im|mm)*/ AE,,

=¢gm +Eg, (6a)
® AEp=&m— 8~ 2Jim+Jm + Kimy AE% = 81— 8, — it + 2Kite = Jim + Jim + 5(Kin — Kim), AEf =

AE5 — 2Ky + K + Kipy, and AEZ = AE5, — 2Ky ~5(Kin + Kiom)-
4 For odd alternant hydrocarbons, a relation of (im|km) > (ik|mm) always sets up.
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Table 2. Expansion coefficients for RHF and UHF molecular
orbitals of allyl radical

i-k* AR G +AR) FAG—A5)
4-11 0.0196 0.0198 —0.0089
4-13 —0.0269 —0.0265 0.0067
4-15 —0.0105 —0.0105 0.0044
4-16 —-0.0172 —0.0171 0.0052
5-12 -0.0216 —-0.0217 0.0083
5-14 —-0.0177 —0.0180 0.0039
5-17 0.0217 0.0221 -0.0068
6-10 0.0366 0.0362 0.1383
7-12 —-0.0057 -0.0057 —0.0034
7-14 0.0478 0.0477 -0.0114
7-17 0.0153 0.0151 ~0.0073
8-11 0.0204 0.0202 —-0.0019
8-13 0.0097 0.0096 0.0096
8-15 0.0442 0.0440 —0.0065
8-16 -0.0254 —0.0255 —0.0026

“See the footnote in Table 1.

Table 3. (a) Calculated values of ionization energy I, and electron affinity E4 by INDO (ev)

~&closed AEgyr AE ~ &nF x

NO I 12.88 13.05(0.17) 13.15(0.27) 13.38(0.50) P
2 E, -123 -1.35(0.12) —-1.45(0.22) —1.71(0.48) B
Allyl I, 8.69 9.27(0.58) 9.66(0.97) 10.61(1.92) @
E, —0.38 -0.96(0.58) -1.35(0.97) -2.31(1.93) 8

CH; I 11.62 12.34(0.74) 12.38(0.76) 13.13(1.51) P
CH, E, -590 —5.21(0.69) ~5.19(0.71) ~4.49(1.41) Y
H,CO E, —4.40 ~3.89(0.51) ~3.86(0.54) ~3.20(1.20) P

(b) Calculated values of ionization energy Ip by MINDO/3 (ev)

~Eclosed AEyur —E {JHF x
NO, 9.47 9.69(0.22) 9.88(0.41) a
N,O 11.12 10.67(0.45) 10.23(0.89) B
H,CO 10.73 10.38(0.35) 9.99(0.74) 8
H,CCO 9.16 8.84(0.32) 8.57(0.59) B8
CH;OH 11.00 10.62(0.38) 10.09(0.81) B
CH;CH; 11.76 11.50(0.26) 11.23(0.53) B

*The numbers in parentheses are the absolute values of the difference between the closed and the
corresponding quantity.
® The SCF procedures did not converge for CHj anion, C,HJ cation and H,CO™ cation radicals.
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AEyur=Eunr— Ep
~¢,,+Er =3 Y, (imlkm)*/(AE & — Kiom — Kim — Ki)
ik

=¢, +Eg+Ep. (6b)

Approximate relations for orbital energies are obtained in a similar manner. In
the level of the Koopmans’ theorem, the electron affinity —e 5, and the ionization
energy —e5, for neutral molecules are expressed as [5],

Sfm 851 =Em +2(ER +EP), (7)

where usually £, > 0 for « and &,, <0 for 8. For radicals, contrary to the case of
neutral molecules, —¢ % (g,, <0) and —¢ & (., >0) mean the electron affinity and
the ionization energy, respectively. For the orbital energy by the RHF method
(e®), we cannot give a simple expression, since the second order term in Eq. (8) is
not negligibly small. That is,

R —3Tm=6em+Er+OQ). (8)

The concrete expressions to the total energies and the orbital energies for
open-shell systems connected with the closed-shell orbitals are now obtained.
Table 3 shows the calculated results of these properties for some organic radicals
and molecules. The difference between £% or £2 and ¢,, is about twice as much

Table 4. Approximate relations between Eyyg, Eaupr and Esgpr for higher spin states

§=1 B F

AE® I° (ID)° AE ) (I
Ep 0.00025 1.00 1.00 0.00146 1.00 1.00
AEasumr 0.00042 1.68 1.67 0.00247 1.69 1.67
AEsgpr  0.00075 3.00 3.00 0.00476 3.29 3.00
§=2 C 0

AE @ an AE ) an
Ep 0.00137 1.00 1.00 0.00418 1.00 1.00
ABaumr 0.00200 1.46 1.50 0.00601 1.44 1.50
AEspgre 0.00253 1.85 2.00 0.00748 1.79 2.00
§=3 N

AE @ an
Ep 0.00361 1.00 1.00
AEayur 0.00485 1.34 1.40
AEsppr  0.00550 1.52 1.67

*Reference [7].
® Relative values.
° The approximate relation of Eq. (9).
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the difference between AEyyr and ¢,.. This is in good agreement with the result
from Egs. (6b) and (7).

The relation between the various types of the ionization energy and the electron
affinity for radicals is written as | —¢,| <|AEgue| <|AEygg| <|—&* or —&P|, and for
molecules as | —g,|>|AEgypl > |AE el > — ¢ or —¢%. That is, the energy rela-
tion between the case for radicals and that for molecules reveals a reverse trend as
expected from Eq. (7).

In case of higher spin states, Nakatsuji [6] gave a general form of the energy
expression for the UHF(Euyr), for after single annihilation (E sung), and for the
spin-extended HF(Eseyr). Approximating that all the Kj; integrals in AE3, and |
AES$! terms have the same value, we obtain,

AEaunr={(S+4)/(S+2)}Ep, (9a)
AEspur={(S +2)/S}Ep, (9b)

where we denote the number of unpaired electrons by S. Table 4 shows that these
approximate relations are good agreement with the calculated results by Goddard
(7] for open-shell atoms.

The present approximation scheme is attractive in view of its simplicity of the
analysis of the energy relation between the RHF and UHF methods, and its
predictability of the results for the AUHF and SEHF methods.

Acknowledgement. The authors express their appreciation to Dr. S. Kato for a partial calculation, and
also to the Data Processing Center of Kyoto University for generous permission to use the Facom 230-75
computer. Part of this work has been supported by the Scientific Research Grants from the Ministry of
Education.

References

. Roothaan, C. C. J.: Rev. Mod. Phys. 32, 179 (1960).

. Pople, J. A., Nesbet, R. K.: J. Chem. Phys. 22, 571 (1954)

. Amos, A. T., Hall, G. G.: Proc. Roy. Soc. (London) A263, 483 (1961)

. King, H. F., Stanton, R. E., Kim, H., Wyatt, R. E, Parr, R. G.: J. Chem. Phys. 47, 1963 (1967)

. In Eq. (7), the term },, [AS) 4+ A5)2 ) m — Jom) for £2, is neglected, since (Jum —Jim) may be
negligibly small. The situation is, however, different in the RHF treatment. The term for
eR 2 RV (o — 2Jim + Ki), may be considerably large

6. Nakatsuji, H.: J. Chem. Phys. 59, 2586 (1972); Doctor thesis, Kyoto University, 1970

7. Goddard III, W. A.: Phys. Rev. 182, 48 (1969)

oW N =

Received October 4, 1979



